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Fig. 1 Effect of step size on convergence. Each curve

represents a fixed number of time steps and a constant

amount of computer time. S = search prediction. Loga-
rithms are to base ten.
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Nomenclature
A = area ratio
C,D = constants, for a given gas
L = nozzle scale parameter (L = r,’/tany)
M = Mach number
m = molecular weight
p = pressure
R = gas constant
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8y = reservoir entropy (So = S¢'/R)
T: = trapslational temperature
T, = vibrational temperature
u = velocity (u = u'/uo’)
uy’ = velocity defined as (po'/po’)'2
x = distance along the nozzle axis (x = z'/L)
p = density
6, = characteristic vibrational temperature (8, = hv/k)
¢ = vibrational temperature function (¢ = 6,/T’)
¢ = translational temperature function (¢ = 6,/T')
Subscripts
* = nozzle throat
0 = reservoir
Superscript
() = dimensional quantity

Introduction

N the past decade a considerable amount of theoretical
effort has been directed toward understanding the non-
equilibrium flow effects in nozzles under steady flow condi-
tions. The problem has been studied under the assumption of
pseudo-one-dimensional, adiabatic, inviscid flow. In spite of
these simplifying assumptions the solutions are far from being
simple and are often plagued by many numerical procedural
difficulties.!~® A comprehensive review of this problem is
presented in Ref 4. More recently, a time-dependent analy-
sis® has been proposed which circumvents some of the numeri-
cal difficulties but retains the problem of determining the flow
quantities through a numerous-stepped process. The present
state-of-the-art for solving vibrational nonequilibrium nozzle
flows requires complex computer programs with which the
flow variables are determined by numerical integration for any
given initial and boundary conditions. However, this ap-
proach does not provide suitable theoretical comparisons for
use by the experimentalist because of the many variables in-
volved. Thus, it is apparent that general correlating
parameters are needed.

In the present analysis, the governing equations, for a
pseudo-one-dimensional nonequilibrium nozzle flow with vi-
brational energy relaxation but no dissociation, are trans-
formed into a similar form by using a new independent vari-
able . It can be shown that the similar solutions, for a
family of nozzle shapes and a specified gas, depend on two
parameters, s, and A, in addition to the independent variable
5. However, the similar equations are further reduced to a
near universal form by a transformation of the independent
variable 5 to £ so that-the similar solutions depend on a:single
parameter x with £ as the independent variable. General
similar solutions which can be used for all combinations of
initial conditions are presented in a single graph for nitrogen.
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Fig. 1 Similar solutions for vibrational nonequilibrium
nitrogen flow (D = 14.7).
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The parameters x and £ are the exact and general correlating
parameters.

Transformation of Governing Equations

The governing equations for a steady pseudo-one-di-
mensional, adiabatic flow with negligible dissociation are con-
sidered. “The flow variables and nozzle physical char-
acteristics are nondimensionalized with the corresponding
reservoir values, the primed symbols denote dimensional
quantities and the unpnmed symbols represent nondimen-
sional quantities. By using the Landau-Teller type vibra-
tional relaxation rate equation with the relaxation rate time
constant r given as

7op! = CeD®v/Te)1/3 1)

the governing equations can be reduced to two differential
equations,®

dn — (5/2)dy/¥) — (L — fyye’dg/( — 1) =0 (2)

and the modified rate equation

g@ - (Nl) Myl exp — 1 —1/i) +91/3D+61 ¢
Ui 8/2 ’
-1 1—fp
E=)e-a(28) o

= logo[(p,u,) """ Lpaua8/ijC]

where

and
. (Af‘,)2 = [M2/(M2 —_ 1)](1 _ A—l/i)(i—l)/iu(l+llii)

In deriving Eqs. (2) and (3) the parameter 5 is defined as

= log,(uA/p,u,) where A = (1 4 z7)". Further, the main
motivation in expressing the rate equation in the form shown
in Eq. (3) is to combine all the parameters of the problem
into a single parameter .. However, Eq. (3) also contains
the additional parameters D and 4j where D is a constant for a
given gas and ¢j is the nozzle shape parameter (4j = 2.0 for
nozszle shapes of practical interest). The nonsimilar function,
(N,)z given in Eq. (3), is a function of M, and A. Hence, it
will have different values for different reservoir conditions and
it"also varies along the nozzle axis. The properties of (N,)s
and the details of a method used for including the effects of
(N.)2 in the solutions of the similar Eqs. (2) and (3) are pre-
sented in Ref. 6. Essentially, it is shown that the expression
for (N,): can be modified and expressed in terms of a new
parameter £, where £ = (S, — 7), and given as

N, = 0.37 — 0.32(2.0 — £,/£)5
for

1< (8/8) <20 @
and

N. = 0.37 for (£,/8) > 2.0

The f functions appearing in Eqgs. (2) and (3) take into ac-
count the effect of the cutoff harmonic oscillator approxima-
tion which is assumed. It-can be shown that for tempera-
tures as high as 7000°K for nitrogen, these f functions are
negligible.

The problem under consideration has been reduced to
solving two similar differential equations, Eqs. (2) and (3),
for two unknowns y and ¢ with 5 as the independent variable.
Once ¥ and ¢ are determined by solving Egs. (2) and (3) the
other unknowns p, p and u are obtained from the other govern-
ing equations which are simple algebraic expressions.

Equilibriunh Flow Solution

The equilibrium flow solution is a limiting cas¢ which is
achieved when the vibraticnal relaxation time r, is very short
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Fig. 2 Range of applicability of the parameter x (ij = 2.0,
C = 1.715 X 10~1! atm-sec, p,” atm, L cm).

(when A; = «). For this situation, ¢ = ¢ and the gener-
alized momentum equation [Eq. (2)] can be integrated and
given as

n — (5/2) logsp — log.(1 — ¢™¥) +

v/ — 15 + f3 = const (5)

where f3 is a term associated with the cutoff harmonic oscilla-
tor approximation. The expression for the corresponding
entropy can be shown as

So=(So'/R) = n — (5/2) logey —
loge(1 —¢*) + ¢/ — D)+ fi + 8. (6)

Where 8, = 8,//R = reference entropy. The equilibrium
flow solution can be obtained from Eq. (5) with 5 as the inde-
pendent variable and S, as the parameter. It is noted that .
this solution does not depend on the nozzle geometry.

Nonegquilibrium Flow Solution

The initial values needed for solving Eqs. (2) and (3) are ob-
tained in the following manner. The flow is assumed to be in
an equilibrium condition up to the throat. In this case the
function ¢ = Y and the initial value of ¢ can be obtained from
the equilibrium solution [Eq. (5)] for given values of 5 and
Sy In this rather indirect way, the entropy S, also appears
as a parameter in the nonequilibrium solutions.

For a given gas (D constant) and family of nozzle shapes (z/
constant) the parameters A and Sy have to be specified for the
nonequilibrium solutions. However, this two parametric
dependence can be reduced to a single one with the introduc-
tion of a new transformation variable ¢ defined as £ = (S, —
7). The Eq. (5), which gives the equilibrium solutions, re-
duces to '

E= /@ — 1) — gyl — e )]+ fat 8 (D)

Thus, the equilibrium solutions may be represented by a
single general curve showing the variation of ¥ with the inde-
pendent variable £. The governing equations [Egs. (2) and
(3) ] for the nonequilibrium case reduce to

(5/2)d(log.¥) + d§ + Yle*/(® — 1)?1d(1 — fi) = 0 (8)
and »
dqb/dg = [1/(N)s]exy? exp[(l—l/ij)é—D\Ll/S—d’] X
[(€* — 1)/ — DI = A ~ /0 =] O
where '
= [N — (1 = 1/i)So]
Discussion of Nonequilibrium Selutions

The two similar governing equations [Egs. (8) and (9)] for
the nonequilibrium flow case, with N, given by Eq. (4), were
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solved by a fourth-order Runge-Kutta technique with 4 =
2.0 and D = 14.7 which corresponds to nitrogen.
ing values of ¥ and ¢ were obtained for a given £ from the
equilibrium solution (¥ = ¢) given by Eq. (7). The reference
entropy S, value in Eq. (7) was taken as 15.5. The factors
1, . and Js were all-assumed to be zero. ~ The starting values
of £ for different x values were selected in such a way that the
solution always started with equilibrium conditions.
A series of solutions for different values of x for nitrogen
are shown in Fig. 1. The vibrational temperature function ¢
is seen to follow the translational function ¢ very closely for
awhile, the extent of which depends on x and thei diverges
rather suddenly and reaches a constant value, this corres-
- ponds to the freezing of the vibrational energy mode. ~ The
translational temperature function ¢ increases monotomcally
as £ degreases. The equilibrium solution shown in Fig 1.is
also given by the envelope of all the nonequlhbrlum solutions.
Tt has been shown that the nonequilibrium similar solutions
 depend-on‘twe general parameters £andx. In order to use
the similar solutions presented in this paper (Fig. 1) the
- parathetérs £ and x should be known in terms of the initial and
~boundary values. Therefore, the functional dependence of
£and x must be eonsidered. The parameter £ is a funetion of
not only, the reservoir and nozzle throat conditions, but also of
Veloorty In Ref. 6 it is shown that a modified velocaty ratio
w'/uy! can be well correlated with the area ratio A7/A4.’".
' Thls leads to a simple expression for a modified velocity ratio
- which is used in finally expressing £ as

k= %/(e 2= 1) — logs [k~ 1g0%2(1 — €7¥0) X
A[0.5 — 0.31(1 + logwd) %]} + 8, (10)

(The constants k; and &, are given in Ref. 6.) Itis noted that
& depends on only two parameters, namely, the area ratio and
the reservoir temperature function v, The parameter £ is
now expressed in terms of the initial and boundary values only
and hence can be readily computed for any given conditions.

The parameter x can be shown® to reduce to

= lOge‘[ki(ﬁ+1/ij) (%)1/2(%’) L4256 X

e (e e

Itis noted that x is 1ndependent of A. Also, for a given gas x
depends on only py’, L and ¢, since 6, C and S are all con-
constants:

To apply the results presented here, £ and x values can be
‘computeéd using Eqs. (10) and 1 based on known reservoir
conditions and area ratio. Then, using these ¢ and X values,
along with Fig. 1, ¢ and ¢ values can be determmed w1th
which the algebralc governing equations can be used. to
determme , pand u.

- Range of Applicability of the Parameter x

The general correlating parameter x depends on po/, L and
o for a given gas. The variation of py'L with ¢ for a con-
stant x was computed using Eq. (11) and is shown in Fig. 2
for a number of x values.
o for a constant equilibrium mole fraction of Q.1 is also
shown; this curve represents approximately the high tem-
perature limit beyond which dissociation relaxation may have
to be.considered. A curve is also shown which indicates the
“maximum y value, for a given ¥, where the nonethbrmm
“golution departs from the equlhbrlum solution. . For reservoir
_ conditions defined by the region above this line, the solutions
start with equilibrium conditions and can be obtained from
the present similar solutions. For reservoir conditions de-
fined by the reglon well below this line the flow can be con-
sidered as frozen in the entire noszle. In a narrow reglon
just below the equilibrium limit line the flow will be in the
-nonequilibrium state and the solutions have to be obtained
by starting with the reservoir conditions as the initial values.

The start--

The variation of po'(L = 1.0) with -
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Conclusions

Based on the present analysis the following conclusions are
reached. 1) Similar solutions for vibrational nonequilibrium
nozzle problems can be obtained over a wide range of initial
conditions and nozzle scale parameters by using the new
similarity parameter £ 2) The parameters & and x serve as
general correlating parameters since they contain “all the
parameters of the problem. The vibrational equlhbrxum
solutions depend on the one parameter x only and the non-
equlllbrmm solutlons depend on two parameters x and &.
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Tlme-Dependent Numerlcal Analysis of
| MHD Blunt Body Problem
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HE interaction of shock heated plasma and an onboard
magnet may prove attractive for an atmospheric entry
vehicle (Fig. 1). A review of the subject is contained in Ref.
1. T / : s
In the present work, the time dependent finite difference
method? is applied. Results are eompared with those of
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) Fig- 1 Effect of onboard magnetic source.
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